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$Lu= \sum_{j=1}^{n}(\partial_{j}+ib_{j}(x))^{2}u+c(x)u$, $x=(x_{1}, \cdots, x_{n})\in R^{n}$ (1)
. $=\partial/\partial x_{j},$ $i=\sqrt{-1}$ $b_{j}(x),$ $c(x)$ .
$c(x)$ extemal potential (scalar) , $b(x)=(b_{1}(x), \cdots, b_{n}(x))$ magnetic potential
(vector) . $b(x)$ , $\nabla\cross b(x)$
. $\nabla=(\partial_{1}, \cdots, \partial_{n})$ $\cross$ $R^{n}$ . scalar
potential $c(x)$ $O(|x|^{-2})$




$\nabla_{b}=\nabla+$ ib$(x),$ $\triangle_{b}=\nabla_{b}\cdot\nabla_{b}$ ( $\cdot$ $R^{n}$ ). ,
Schr\"odinger $Lu=(-\triangle_{b}u+c)u$ . : $r=|x|$ ,
$\tilde{x}=x/r,$ $\partial_{r}=\tilde{x}\cdot\nabla$ . , Hilbert $L^{2}=L^{2}(R^{n})$
$(f, g)= \int f(x)\overline{g(x)}dx$ , $\Vert f\Vert=\sqrt{(f,f)}$
. $\int$ $R^{n}$ . $\xi=\xi(r)>0$ $L_{\xi}^{2}$
norm
$|1f \Vert_{\xi}=\{\int\xi(r)|f(x)|^{2}dx\}^{1/2}<\infty$
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$L^{2}$- . , $0<\epsilon<t<\infty$ $B_{\epsilon,t}=\{x;\epsilon<|x|<$
$t\},$ $B_{t}=\{x;|x|<t\},$ $B_{t}’=R^{n}\backslash B_{t},$ $S_{t}=\{x;|x|=t\}$ .
2. Schr\"odinger $L$
.
$(A1)$ $b_{j}(x)\in C^{1}(R^{n})$ $c(x)\in C(R^{n}\backslash 0)$ . $c(x)$ $O(r^{-2})$ ,
$c_{\infty}(x)\in L^{\infty}$
$c(x)-c_{\infty} \geq\frac{\beta}{r^{2}}$ , $\beta\geq 0(n=2)$ , $>- \frac{(n-2)^{2}}{4}(n\geq 3)$ .
Hilbert $L^{2}=L^{2}(R^{n})$ $L$
.
$\{\begin{array}{l}Lu=-\triangle_{b}u+c(x)u for u\in \mathcal{D}(L),\mathcal{D}(L)=\{u(x)\in L^{2}\cap H_{1oc}^{2}(R^{n}\backslash \{0\});(\triangle_{b}-c)u, r^{-1}u\in L^{2}\}.\end{array}$ (2)
1 $(A1)$ .
(i) $u\in \mathcal{D}(L)$ $\nabla_{b}u\in L^{2}$ .
(ii) $L$ .
(iii) $c(x)arrow 0(|x|arrow\infty)$ , $L$ $\sigma_{e}(L)$
$[0, \infty)$ .
Mochizuki [12: Theorem 1.1, 1.3] $c(x)$ singularity Stummel condition
. Kalf-Schmincke-Walter-Wist [7: Theorem 3]
$b(x)\equiv 0$ . (ii) $L$ $C_{0}^{\infty}(R^{n}\backslash \{0\})$
$-\Delta_{b}+c$ Friedrichs extension ([5]) , (i) .
[7] (i) .
$\alpha\in R,$ $u\in H_{1oc}^{1}(R^{n}\backslash \{0\})$
$| \nabla_{b}u|2 =| \nabla_{b}u+\tilde{x}\frac{\alpha}{r}u-\tilde{x}\frac{\alpha}{r}u|^{2}$
$=| \nabla_{b}u+\tilde{x}\frac{\alpha}{r}u|^{2}-\nabla\cdot(\tilde{x}\frac{\alpha}{r}|u|^{2})+\frac{(n-2)\alpha-\alpha^{2}}{r^{2}}|u|^{2}$ . (3)
.







$\lim_{\epsilonarrow}\inf_{0}\int_{S_{\epsilon}}r^{-1}|u|^{2}dS=0$ , $\lim_{\rhoarrow}\inf_{\infty}\int_{S_{\rho}}r^{-1}|u|^{2}dS=0$ .
(ii) $u\in L^{2}$ $\epsilon_{k}arrow 0,$ $t_{k}arrow\infty(karrow\infty)$
$\partial_{r}\int_{S_{1}}r^{n}|u(r\omega)|^{2}dS|_{r=\epsilon_{k}}\geq 0$ , $\partial_{r}\int_{S_{1}}r^{n}|u(r\omega)|^{2}dS_{\omega}|_{r=t_{k}}\leq 0$.
[ 1(i) ] $u\in \mathcal{D}(L)$ Gauss
${\rm Re} \int_{B_{\epsilon,t}}(-\triangle_{b}u+cu)\overline{u}dx=\int_{B_{\epsilon_{i}t}}(|\nabla_{b}u|^{2}+c|u|^{2})dx-{\rm Re}(\int_{S_{t}}-\int_{S_{\epsilon}})(\tilde{x}\cdot\nabla u)\overline{u}dS$ . $(4)$
1















(i) (5) (6) .
$H_{b}^{1}$ norm
$\Vert u\Vert_{H_{b}^{1}}=\{\int(|\nabla_{b}u|^{2}+|u|^{2})dx\}^{1/2}<\infty$ (7)




[ ] (3)’ $\alpha=\frac{n-2}{2}$ , $B_{\epsilon,t}$ $tarrow\infty$
$\int_{B_{\epsilon}’}|\tilde{x}\cdot\nabla_{b}u|^{2}dx\geq\int_{S_{\epsilon}}\frac{n-2}{2r}|u|^{2}dS+\int_{B_{e,t}}\frac{(n-2)^{2}}{4r^{2}}|u|^{2}dx$ .
$\epsilonarrow 0$ , .





. $\mathcal{D}(L)$ $L^{2}$ , $L$ .
$(A1)$ 3




b $+$ c(x) Friedrichs extension
. $\{u_{k}\}\subset C_{0}^{\infty}(R^{n}\backslash \{0\})$
$s- \lim_{karrow\infty}u_{k}=u$ in $L^{2}$ ,
$\lim_{j_{2}karrow\infty}([-\Delta_{b}+c](u_{j}-u_{k}), u_{j}-u_{k})=0$.
. (8) $\{r^{-1}u_{k}\}$ $L^{2}$ Cauchy ,
$r^{-1}u\in L^{2}$ . $\mathcal{D}(L)$ Friedrichs extension .
[ 1 (iii) ] $L_{1}=L-c_{\infty}(x)$ $\mathcal{D}(L_{1})=\mathcal{D}(L)$ .
$c_{\infty}(x)arrow 0(rarrow\infty)$ ,
$(L_{1}u, u)\geq C(\beta)\Vert\nabla_{b}u\Vert^{2}$ , $C(\beta)=1(n=2)$ , $=1+ \frac{4\beta}{(n-2)^{2}}(n\geq 3)$ ,




$-\triangle_{b}u+c(x)u-\kappa^{2}u=f(x)$ , $x\in R^{n}$ , (9)
1 , ,
. $\Pi\pm=\{\kappa\in C;\pm{\rm Re}\kappa>0, {\rm Im}\kappa>0\},$ $\overline{\Pi}_{\pm}=\Pi_{\pm}\cup R\pm$ , $\kappa\in\overline{\Pi}_{\pm}$ ,
$f\in L^{2}$ .
$u\in H_{1oc}^{1}$ (9) . $v=e^{-i\kappa r}r^{(n-1)\prime 2}e^{\sigma(r)}u,$ $g=e^{-i\kappa r}r^{(n-1)/2}e^{\sigma(r)}f$
, (9)
$- \nabla_{b}\cdot\nabla_{b}v+(-2i\kappa+\frac{n-1}{r}+2\sigma’)\tilde{x}\cdot\nabla_{b}v$
$+(c+ \frac{(n-1)(n-3)}{4r^{2}}+\sigma"-\sigma^{\prime 2}+2i\kappa\sigma’)v=g$. (10)
13




$-{\rm Re} \phi\{(\tilde{x}\cross\nabla_{b}v)\cdot\overline{(\nabla\cross ib)v}\}+\phi(2{\rm Im}\kappa+\frac{n-1}{r}+2\sigma’)|\tilde{x}\cdot\nabla_{b}v|^{2}$





1 $u\in H_{b}^{1}$,loc $h^{\backslash }\backslash (9)$ . $u_{\sigma}=e^{\sigma}u,$ $f_{\sigma}=e^{\sigma}f$
$\theta_{\sigma}=\theta_{\sigma}(x, \kappa)=\nabla_{b}u_{\sigma}+\tilde{x}(\frac{n-1}{2r}-i\kappa)u_{\sigma}$
$( \int_{S_{t}}-\int_{S_{R}})\varphi\{-|\tilde{x}\cdot\theta_{\sigma}|^{2}+\frac{1}{2}|\theta_{\sigma}|^{2}\}dS+\int_{B_{R,t}}\varphi\{(\frac{\varphi’}{\varphi}-\frac{1}{r})|\tilde{x}\cdot\theta_{b}|^{2}$
$+({\rm Im} \kappa-\frac{\varphi’}{2\varphi}+\frac{1}{r})|\theta_{\sigma}|^{2}+2\sigma’|\tilde{x}\cdot\theta_{\sigma}|^{2}+{\rm Re} J_{\sigma}(x, \kappa)$




$\max\{|\nabla\cross b(x)|,$ $|c(x)+ \frac{(n-1)(n-3)}{4r^{2}}|\}\leq C_{0}\mu(r)$ , $r=|x|>R_{0}$ .
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$\mu=\mu(r)$ $r>0$ , $L^{1}$ - .
2 $(A1),$ $(A2)$ . , $\mu(r)$
$\mu(r)=o(r^{-1})$ as $rarrow\infty$ . (11)
. $\lambda>0$ , $u\in H_{b}^{1}$,loc
$-\triangle_{b}u+c(x)u-\lambda u=0$ (12)
, : $u$ support compact
$\lim inftarrow\infty\int_{S_{t}}|\tilde{x}\cdot\theta|^{2}dS\neq 0$ ,
$\theta$ $\theta(x, \pm\sqrt{\lambda})=\nabla_{b}u+\tilde{x}(\frac{n-1}{2r}$ $\sqrt{\lambda})u$ .





Ikebe-Uchiyama [7] . $\mu$ (9) ,
$L^{1}(R_{+})$ .
2 . J\"ager-Rejto [8], Mochizuki [13] oscillating long
range potential non-magnetic Schr\"odinger
.
4 $u$ (12) , $\lambda>0$ $r>0$
${\rm Im}[ \int_{S_{r}}(\tilde{x}\cdot\nabla_{b}u_{\sigma})\overline{u_{\sigma}}dS]=0$ , (13)
$\int_{S_{r}}\{|\tilde{x}\cdot\nabla_{b}u_{\sigma}+\frac{n-1}{2r}u_{\sigma}|^{2}+\lambda|u_{\sigma}|^{2}\}dS=\int_{S_{r}}|\tilde{x}\cdot\theta_{\sigma}|^{2}dS$, (14)
. $\theta_{\sigma}=\theta_{\sigma}(x, \pm\sqrt{\lambda})$ .
[ ] (12) $\overline{u}$ $B_{r}$ .
$-{\rm Im} \int_{S_{r}}(\tilde{x}\cdot\nabla_{b}u)\overline{u}dS=0$
15
, $\sigma(r)$ , (13) . (14) (13) .
$(A2)$ (14) .
5 $u$ (12) . $\sigma(r)$ $C_{1}>0$
$\int_{S_{r}}|J_{\sigma}(x, \pm\sqrt{\lambda})|dS\leq C_{1}\mu(r)\int_{S_{r}}|\theta_{\sigma}|^{2}dS$ for $r>R_{0}$ .
[ 2 ] $F(r),$ $F_{\sigma,\tau}(r)$ .
$F(r)= \frac{1}{2}\int_{S_{r}}\{2|\tilde{x}\cdot\theta|^{2}-|\theta|^{2}\}dS$ ,
$F_{\sigma,\tau}= \frac{1}{2}\int_{S_{r}}\{2|\tilde{x}\cdot\theta_{\sigma}|^{2}-|\theta_{\sigma}|^{2}+(\sigma^{2}-\tau)|u_{\sigma}|^{2}\}dS$.
, $\theta=\theta_{0}(\sigma\equiv 0)$ $\tau=\tau(r)>0$ 1 .
, $r_{k}arrow\infty$ $F(r_{k})>0$ . 1
$\sigma\equiv 0,$ $\varphi\equiv 1,$ $\kappa^{2}=\lambda>0,$ $f\equiv 0$
$F(t)-F(R)= \int_{B_{R,t}}\{\frac{1}{r}(|\theta|^{2}-|\tilde{x}\cdot\theta|^{2})+{\rm Re} J(x, \pm\sqrt{\lambda})\}dx$,
$J=J_{0}$ . $R_{1}\geq\$ $\underline{1}\geq 2C_{1}\mu(r)(r\geq R_{1})$ ,
$t$ . 5
$\frac{d}{dt}F(t)\geq-2C_{1}\mu(t)F(t)$ in $t\geq R_{1}$ .
$r_{k}\geq R_{1}$
$\frac{F(t)}{F(r_{k})}\geq\exp\{-2C_{1}\int_{k}^{t}\mu dr\}$ .
$\mu(r)\in L^{1}(R_{+})$ , $F(t)$ $t=\infty$
.
: $u$ support compact , $R_{2}\geq R_{1}$
$r\geq R_{2}$ $F(r)\leq 0$ , . 1 $\varphi=r$ ,





$+( \sigma’’-\tau)u_{\sigma}(\overline{\tilde{x}\cdot\nabla_{b}u_{\sigma}}+\frac{n-1}{2r}\overline{u_{\sigma}})+(\frac{1}{r}\sigma^{2}+\sigma’’\sigma’-\frac{1}{r}\tau-\frac{1}{2}\tau’)|u_{\sigma}|^{2}\}dS$ . (15)
$\int_{S_{t}}2\sigma^{l}\{|\tilde{x}\cdot\theta_{\sigma}|^{2}+{\rm Re}[\pm i\sqrt{\lambda}u_{\sigma}\overline{\tilde{x}\cdot\theta_{\sigma}}]\}dS=\int_{S_{t}}2\sigma’|\tilde{x}\cdot\nabla_{b}u_{\sigma}+\frac{n-1}{2r}u_{\sigma}|^{2}dS$
, 4 .
, $\sigma(r)$ $\tau(r)$ .
$\sigma(r)=\frac{m}{1-\epsilon}r^{1-\epsilon}$ , $\tau(r)=r^{-2\epsilon}\log r$
$m\geq 1,1/3<\epsilon<1/2$ . (14) (11) $lh^{\backslash \backslash },$ (15) $|$
( Mochizuki [13] ) . $R_{3}\geq R_{2}$
$m\geq 1$
$\frac{d}{dt}[tF_{\sigma,\tau}(t)]\geq\int_{S_{t}}r(\frac{1}{2r}-o(r^{-1}))|\theta_{\sigma}|^{2}dS\geq 0$ in $t\geq R_{3}$ .
, $R_{4}\geq R_{3}$ $\int_{S_{R_{4}}}|u_{\sigma}|^{2}dS>0$ , $m$
$F_{\sigma,\tau}(R_{4})>0$ , $t\geq R_{4}$ $F_{\sigma,\tau}(t)>0$
.
$F_{\sigma,\tau}(t)=e^{2\sigma(t)} \{F(t)+\sigma’\frac{d}{dt}\int_{S(t)}|u|^{2}dS+(2\sigma^{\prime 2}-\tau)\int_{S(t)}|u|^{2}dS\}$






Mochizuki [12], [13] , 2
(Eidus [3] ) . .
$(A3)$ (9) .
2 $\nabla\cross b(x),$ $c(x)$ H\"older .
3 $(A1)\sim(A3)$ . , $L^{1}$ - $\mu(r)$ (11)
$\int^{\infty}\mu(s)ds\geq r\mu(r)$ , $r>R_{0}$ (16)
. , $L$ resolvent $R(\kappa^{2})$ $L_{\mu^{-1}}^{2}$ $L_{\mu}^{2}$





, $\mu\varphi_{1}$ $\varphi_{1}’=\mu\varphi_{1}^{2}$ $L^{1}(R_{+})$ . , (16)
$\frac{\varphi_{1}(s)}{\varphi_{1}(s)}=\mu(r)\varphi_{1}(r)\leq\frac{1}{r}$ , $r>R_{0}$ (18)
.
1 $\kappa\in\overline{\Pi}_{\pm},$ $f\in L_{\mu^{-1}}^{2}$ . (9) $u\in H_{1oc}^{1}$
$u\in L_{\mu}^{2}$ , $\tilde{x}\cdot\theta=\tilde{x}\cdot\theta(x, \kappa)\in L_{\varphi_{1}}^{2}$,
. $u$ $\kappa\in\overline{\Pi}_{+},$ $\kappa\in\overline{\Pi}_{-}$ , outgoing,
incoming .
6 $\kappa,$ $f,$ $u$ 1 .
$($ i $)$ $R\geq$
$|{\rm Re}\kappa|\Vert u\Vert_{\mu,B_{R}’}^{2}\leq 2\varphi_{1}(R)^{-1}\{\Vert\tilde{x}\cdot\theta\Vert_{\varphi_{1},B_{R_{0}}’}^{2}+\Vert f\Vert_{\mu^{-1}}\Vert u\Vert_{\mu}\}$ .
(ii) ${\rm Im}\kappa>0$ $u\in L^{2}$
$2|{\rm Re}\kappa|{\rm Im}\kappa\Vert u\Vert^{2}\leq\Vert f\Vert_{\mu^{-1}}\Vert u\Vert_{\mu}$ .
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(iii) $\kappa$ $\overline{\Pi}_{\pm}$ compact $K\pm$ , $C_{2}=C_{2}(R, K\pm)>0$
$\int_{B_{R}}\{|\nabla_{b}u|^{2}+r^{-2}|u|^{2}\}dx\leq C_{2}\{\Vert f\Vert_{\mu^{-1}}^{2}+\Vert u\Vert_{\mu}^{2}\}$ .
[ ] Gauss
${\rm Im} \int_{B_{r}}$ $fudx=-{\rm Im} \int_{S_{r}}(\tilde{x}\cdot\nabla_{b}u)\overline{u}dS-{\rm Im}(\kappa^{2})\int_{B_{r}}|u|^{2}dx$.
${\rm Im}( \kappa^{2})\int_{B_{r}}|u|^{2}dx+{\rm Re}\kappa\int_{S_{r}}|u|^{2}dS=-{\rm Im}[\int_{S_{r}}(\tilde{x}\cdot\theta)\overline{u}dS+\int_{B_{r}}f\overline{u}dx]$ . (19)
${\rm Im}\kappa^{2}$ ${\rm Re}\kappa$ , (19) $\mu(r)$ $(R, \infty)$
$|{\rm Re} \kappa|\Vert u\Vert_{\mu,B_{R}’}^{2}\leq\int_{B_{R}’}\mu|\tilde{x}\cdot\theta||u|dx+\varphi_{1}(R)^{-1}\int|f||u|dx$









(iii) $\chi=\chi(r)$ $\chi(r)=1(r\leq R),$ $=0(r>R+1)$
, (9) $\chi\overline{u}$





$\epsilon=1(n=2)$ , $=( \frac{(n-2)^{2}}{2}+\beta)^{-1}(\frac{(n-2)^{2}}{4}+\beta)$ $(n\geq 3)$
$\epsilon\int\chi\{|\nabla_{b}u|^{2}+(\frac{(n-2)^{2}}{4}+\beta)\frac{1}{r^{2}}|u|^{2}\}dx\leq\int\chi\{|f\overline{u}|+(C_{\infty}+|\kappa|^{2})|u|^{2}\}dx$
$- \int\chi’\{|(\tilde{x}\cdot\nabla_{b}u)\overline{u}|+|u|^{2}\}dx$ . (20)
$B_{R,R+1}$ (9) , (iii) .
7 $\kappa\in K_{\pm},$ $f,$ $u$ 1 . $C_{3}=C_{3}(K_{\pm})>0$
$\Vert\theta\Vert_{\varphi_{1}’,B_{R_{\text{ }}}’}^{2}\leq C_{3}\{\Vert f\Vert_{\mu^{-1}}^{2}+\Vert f\Vert_{\mu}^{2}\}$ .
[ ] 1 $R=$ , $t>$ $+1$ , $\sigma=0,$ $\varphi=(1-\chi)\varphi_{1}$ .
$\int_{S_{t}}\varphi_{1}(-|\tilde{x}\cdot\theta|^{2}+\frac{1}{2}|\theta|^{2})dS+\int_{B_{R,t}}(1-\chi)\varphi_{1}\{(2{\rm Im}\kappa+\frac{\varphi_{1}}{2\varphi_{1}}|\theta|^{2}$




$t$ $L^{1}$ , $\mu(t)\varphi_{1}(t)\not\in L^{1}(R_{+})$
$\lim inftarrow\infty\int_{S_{t}}\varphi_{1}|\tilde{x}\cdot\theta|^{2}dS=0$
. $(A2)$ (17) $r>$
$\varphi_{1}|J(x, \kappa)|\leq\varphi_{1}C_{0}\mu|u||\theta|\leq C_{0}\mu^{1\prime 2}|u|\varphi_{1}^{1/2}|\theta|$
, 6 (iii)
$\int_{B_{R,R+1}}|\theta|^{2}dx\leq C(R, K_{\pm})(\Vert u\Vert_{\mu}^{2}+\Vert f\Vert_{\mu^{-1}}^{2})$ .
20
(18) , (21) $tarrow\infty$ .
2 2 3 .
1 $\kappa\in\overline{\Pi}_{\pm},$ $f\in L_{\mu^{-1}}^{2}$ (9) outgoing( incoming)
. $\kappa\in\Pi_{\pm}$ , $R(\kappa^{2})f$ .
[ ] ${\rm Im}\kappa>0$ , 6(ii) , $L^{2}$
. $L^{2}$ $R(\kappa^{2})f$ , .





, 2 . $u$ compact support
, $u\equiv 0$ .
$\{(\kappa_{k}, f_{k})\}\subset\overline{\Pi}_{\pm}\cross L_{\mu^{-1}}^{2}$ , $\{u_{k}\}$ (9) .
$\{u_{k}\}$ , $karrow\infty$ $(\kappa_{k}, f_{k})arrow(\kappa_{0}, f_{0})\in\overline{\Pi}_{\pm}\cross L_{\mu^{-1}}^{2}$
2 $u_{k}arrow u_{0}\in L_{\mu}^{2}$ , $u_{0}$ $\kappa=\kappa_{0}$ .
[ ] $R\geq$ , $K\pm=\{\kappa_{k}\}\cup\{\kappa_{0}\}$ .
$\Vert\theta(\cdot, \kappa_{k})\Vert_{B_{R}}\leq\Vert\nabla_{b}u\Vert_{B_{R}}+\Vert\frac{n-1}{2r}u\Vert_{B_{R}}+|\kappa_{k}|\Vert u\Vert_{B_{R}}$
, 6 (iii) $\Vert\theta(\cdot, \kappa_{k})\Vert_{B_{R}}$ . 7
$\{\theta_{k}=\theta(x, \kappa_{k})\}$ $L_{\varphi’}^{2}$ , $\{\theta_{k}\}$ $L_{\varphi’}^{2}$
. $\{\theta_{k}\}$ , $\theta_{0}(x)$ . $\theta_{0}\in L_{\varphi’}^{2}$
, $h\in C_{0}^{\infty}(R^{n})$
$(\tilde{x}\cdot\theta_{k}, h)=(u_{k},$ $- \nabla_{b}\cdot(\tilde{x}u)+\frac{n-1}{2r}u-\overline{i\kappa_{k}}h)arrow(u_{0},$ $- \tilde{x}\cdot\nabla_{b}h-\frac{n-1}{2r}u$ $\overline{i\kappa_{0}}h)$ .
$\tilde{x}\cdot\nabla_{b}u+(\frac{n-1}{2r}-i\kappa_{0})u=\tilde{x}\cdot\theta 0$ $A$ $au0$ .
3 $\{u_{k}\}$ $L_{\mu}^{2}$ compact .
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[ ] ${\rm Re}\kappa_{k}$ $\{(f_{k}, u_{k})\}$ $L_{\mu^{-1}}^{2}\cross L_{\mu}^{2}$ , 6(i)
7 $\Vert u_{k}\Vert_{\mu,B_{R}’}$ $R$ , 6
(iii) $\{u_{k}\}$ $H_{b, oc}^{1}$ . , Rellich compactness criterion
, .
4 $\{u_{k}\}$ $L_{\mu}^{2}$ .
[ ] $\{u_{k}\}$ , $\{u_{k}\}$ , $karrow\infty$ $\Vert u_{k}\Vert_{\mu}arrow\infty$
. $v_{k}=u_{k}/\Vert u_{k}\Vert_{\mu}$ ,
$(\kappa_{k}, f_{k}/\Vert u_{k}\Vert_{\mu})arrow(\kappa_{0},0)\in\overline{\Pi}_{\pm}\cross L_{\mu^{-1}}^{2}$
$\Vert v_{k}\Vert_{\mu}=1$ , $\{v_{k}\}$ ,
$v_{0}$ , $\lambda=\kappa_{0}^{2}$ (12) ,
$\Vert v_{0}\Vert_{\mu}=1$ , $\Vert\tilde{x}\cdot\nabla_{b}v_{0}+(\frac{n-1}{2r}-i\kappa_{0})v_{0}\Vert_{\varphi_{1}},<\infty$
. 1 $u\equiv 0$ . , $\Vert v_{0}\Vert_{\mu}=1$
, .
[ 3 ] $(\kappa_{0}, f_{0})\in R_{\pm}\cup L_{\mu^{-1}}^{2}$ $\{\kappa_{k}\}\subset\Pi_{\pm}$ $k$
$\kappa_{0}$ , $u_{k}=R(\kappa_{k}^{2})f_{0}$ . (iv), (iii), (ii)
$\{u_{k}\}$ $(\kappa_{0}, f_{0})$ (9) outgoing (incoming) $u_{0}$
. ( $(i)$ ) , ,
$\{u_{k}\}$ , , $u_{0}$ $\{\kappa_{k}\}$
. , $R(\kappa^{2})$ : $L_{\mu^{-1}}^{2}arrow L_{\mu}^{2}$ $\overline{\Pi}_{\pm}$ . $\kappa$
(ii) (i) .
5. resolvent
Mochizuki [14] . resovent $R(\kappa^{2})$ $\kappa\in\Pi_{\pm}$
, $n\geq 3$ , $\max\{|\nabla\cross$
$b(x)|,$ $|c(x)|\}$ , .
4 $\kappa\in\Pi\pm,$ $f\in L^{2}$ $u=R(\kappa^{2})f$ .
(i) Let $(A1)$ $(A4)$
$(A4)$ $\max\{|\nabla\cross b(x)|, |c(x)|\}\leq\epsilon_{0}r^{-2}$ , $x\in R^{n}$ ,
22
$0<\epsilon 0<1’ 4\sqrt{}(n=3),$ $<\sqrt{(n-1)(n-3)/8}(n\geq 4)$ .
$\int\frac{1}{r^{2}}|u|^{2}dx\leq C_{4}\int r^{2}|f|^{2}dx$ ,
$C_{4}= \frac{8}{1-32\epsilon_{0}^{2}}(n=3)$ , $= \frac{8}{(n-1)(n-3)-8\epsilon_{0}^{2}}(n\geq 4)$ .
(ii) $(A1)$ $(A5)$ .
$(A5)$ $\max\{|\nabla\cross b(x)|, |c(x)|\}\leq\epsilon_{0}\min\{\mu(r), r^{-2}\}$ , $x\in R^{n}$ ,
$\mu(r)$ $r>0$ , $L^{1}-$ ,
$\mu’(r)\leq 0$ , $r\in R+$ (22)
.
$\int\{\mu(|\nabla_{b}u|^{2}+|\kappa u|^{2})-\mu’\frac{n-1}{2r}|u|^{2}\}dx\leq C_{5}\int\max\{\mu^{-1}, r^{2}\}|f(x)|^{2}dx$,
$C_{5}=4\Vert\mu\Vert_{L^{1}}(5+4\epsilon_{0}^{2}C_{4})$ .
, .




$\leq\int\varphi(|f|+\max\{|\nabla\cross b|, |c|\}|u|)|\theta|dx$ .
[ ] 1 $\sigma\equiv 0$ , $Rarrow 0,$ $tarrow\infty$
$\int\varphi\{(\begin{array}{ll}\varphi 1’ --- r \varphi\end{array})(| \theta|^{2}-|\tilde{x}\cdot\theta|^{2})+({\rm Im}\kappa+\frac{\varphi’}{2\varphi}I|\theta|^{2}+{\rm Re} J(x, \kappa)\}dx$
$={\rm Re} \int\varphi f\overline{\tilde{x}\cdot\theta}dx$ . (24)
23
.$\varphi|J(x, \kappa)-\frac{(n-1)(n-3)}{4r^{2}}u\overline{\tilde{x}\cdot\theta}|\leq\varphi\max\{|\nabla\cross b|, |c|\}|u||\theta|$ ,
${\rm Re} \int\varphi\frac{(n-1)(n-3)}{4r^{2}}u\overline{\tilde{x}\cdot\theta}dx=\int\varphi({\rm Im}\kappa-\frac{\varphi’}{2\varphi}+\frac{1}{r})\frac{(n-1)(n-3)}{4r^{2}}|u|^{2}dx$ .








. $u$ $v=e^{-i\kappa r}r^{(n-1)\prime 2}u$ , $\xi=e^{-2{\rm Im}\kappa r}r^{-n+1},$ $\alpha=\frac{n-2}{2}$
$\xi|v|^{2}=|u|^{2}$ , $\xi|\tilde{x}\cdot\nabla_{b}v|^{2}=|\tilde{x}$ . $\theta|^{2}$ ,
$\frac{(n-2)\alpha-\alpha^{2}}{r^{2}}+\frac{(n-1)\xi’}{2r\xi}+\frac{2\xi^{l}\xi-\xi^{\prime 2}}{4\xi^{2}}=\frac{1}{4r^{2}}+({\rm Im}\kappa)^{2}$
, $\epsilonarrow 0,$ $tarrow\infty$ , .






. $\epsilon=\min\{\sqrt{8}\epsilon_{0},1\}$ (i) .




[ ] (9) $-\overline{i\kappa u}$ $B_{r}$
$\frac{1}{2}\int_{S_{r}}\{-|\nabla_{b}u-i\kappa u|^{2}+|\nabla_{b}u|^{2}+|\kappa|^{2}|u|^{2}\}dS$
$+{\rm Im} \kappa\int_{B_{r}}(|\nabla_{b}u|^{2}+c|u|^{2}+|\kappa u|^{2})dx=-{\rm Re}\int_{B_{r}}f\overline{i\kappa u}dx$ .




$+{\rm Im} \kappa\int_{0}^{\infty}\mu dr\int_{B_{r}}(|\nabla_{b}u|^{2}+c|u|^{2}+|\kappa u|^{2})dx$
$= \frac{1}{2}\int\mu(|\theta|^{2}+\frac{(n-1)(n-3)}{4r^{2}}|u|^{2})dx+{\rm Re}\int_{0}^{\infty}\mu dr\int_{B_{r}}f(x)\overline{i\kappa u}dx$
. $c(x) \geq-\frac{(n-2)^{2}}{4r^{2}}$ , 1 $\alpha=\frac{n-2}{2},$ $\epsilonarrow 0$
${\rm Im} \kappa\int_{0}^{\infty}\mu dr\int_{B_{r}}(|\nabla_{b}u|^{2}+c(x)|u|^{2})dx$
$\geq-{\rm Im}\kappa\int_{0}^{\infty}\mu dr\int_{S_{r}}\frac{n-2}{2r}|u|^{2}dS=-\int\mu{\rm Im}\kappa\frac{n-2}{2r}|u|^{2}dx$
, . $\square$
25
[ 4(ii) ] $\varphi(r)=\int_{0}^{r}\mu(\sigma)d\sigma$ 8 10 . $\varphi$
(23) . $\varphi(r)\leq\Vert\mu\Vert_{L^{1}}$
$\frac{1}{2}\int\{-\mu’\frac{n-1}{2r}|u|^{2}+\mu(|\nabla_{b}u|^{2}+|\kappa u|^{2})\}dx$
$\leq 4\Vert\mu\Vert_{L^{1}}^{2}\int\mu^{-1}(|f|^{2}+|\max\{|\nabla\cross b|, |c|\}u|^{2})dx+\Vert\mu\Vert_{L^{1}}\int|f||i\kappa u|dx$ .
$\Vert\mu\Vert_{L^{1}}\int|f||i\kappa u|dx\leq\Vert\mu\Vert_{L^{1}}^{2}\int\mu^{-1}|f|^{2}dx+\frac{1}{4}\int\mu|\kappa u|^{2}dx$
$\int\{\mu(|\nabla_{b}u|^{2}+|\kappa u|^{2})-\mu’\frac{n-1}{2r}|u|^{2}\}dx$
$\leq 4\Vert\mu\Vert_{L^{1}}^{2}\int\mu^{-1}(5|f(x)|^{2}+4|\max\{|\nabla\cross b|, |c|\}u|^{2})dx$. (25)
. $(A5)$ (i)
$\int\mu^{-1}|\max\{|\nabla\cross b|, |c|\}u|^{2}dx\leq\epsilon_{0}^{2}C_{4}\int r^{2}|f|^{2}dx$ ,
(25)
3 $(1+r)^{-1-\delta}$ $(1+r)^{-1}[\log(e+r)]^{-1-\delta}(0<\delta\leq 1)$ (11), (16),
(22) $\mu(r)$ .
6.
magnetic Sch\"odinger , 2 .
$i \frac{\partial u}{\partial t}+Lu=0$ , $u(O)=f\in L^{2}$ , (26)
$\partial u$
$i-=\sqrt 7$ xpu, $u(0)=f\in L^{2}$ (27)
$\partial t$





5 (i) $(A4)$ $r^{-1}h(t)\in L^{2}(R_{\pm}\cross\Omega)$ $h(t)$
$| \int_{0}^{\pm\infty}\Vert r^{-1}\int_{0}^{t}e^{-i(t-\tau)L}h(\tau)d\tau\Vert^{2}dt|\leq C_{1}|\int_{0}^{\pm\infty}\Vert rh(t)\Vert^{2}dt|$ .
, $f\in L^{2}$
$| \int_{0}^{\pm\infty}\Vert r^{-1}e^{-itL}f\Vert^{2}dt|\leq 2\sqrt{C_{1}}\Vert f\Vert^{2}$.
(ii) $(A5)$ $f\in L^{2}$
$| \int_{0}^{\pm\infty}\Vert\min\{\sqrt{\mu(r)}, r^{-1}\}e^{-it\sqrt{L+m^{2}}}f\Vert^{2}dt|\leq 4\sqrt{\max\{C_{1},C_{2}\}}\Vert f\Vert^{2}$.
(iii) $b(x)\equiv 0,$ $c(x)\equiv 0$ , $L$ Laplace
$L_{0}=-\triangle$ , $\mathcal{D}(L_{0})=H^{2}$
, $f\in L^{2}$
$| \int_{0}^{\pm\infty}\Vert\sqrt{\mu(r)}e^{-it\sqrt{L_{0}}}f\Vert^{2}dt|\leq 8\sqrt{5}\Vert\mu\Vert_{L^{1}}\Vert f\Vert^{2}$ .
$(Yaj$ ima [16], Cuccagna-Schirmer [1], $D$ ’Ancona-Fanelli
[2], Erdogan-Goldberg-Schlag [4], Georgiev-Stefanov-Tarulli [6] ).
magnetic potential $b(x)$ ,
. .
5 .
2 $\Lambda$ Hilbert $\mathcal{H}$ , $z\in C\backslash R$
$\mathcal{R}(z)=(\Lambda-z)^{-1}$ . $A$ $H$ 1 Hilbert $\mathcal{H}_{1}$
. $C>0$ , $f\in \mathcal{D}(A^{*})$ $z\in C\backslash R$
$\sup_{z\not\in R}\Vert A\mathcal{R}(z)A^{*}f\Vert_{\mathcal{H}_{1}}<\sqrt{C}\Vert f\Vert_{\mathcal{H}_{1}}$ (28)
, $h(t)\in L^{2}(R_{\pm};\mathcal{H}_{1}),$ $f\in \mathcal{H}$ 3 .
$| \int_{0}^{\pm\infty}\Vert\int_{0}^{t}Ae^{-i(t-\tau)\Lambda}A^{*}h(\tau)d\tau\Vert_{\mathcal{H}_{1}}^{2}dt|\leq C|\int_{0}^{\pm\infty}\Vert h(t)\Vert_{\mathcal{H}_{1}}^{2}dt|$, (29)
27
$\sup_{t\in R\pm}\Vert\int_{0}^{t}e^{i\tau\Lambda}A^{*}h(\tau)d\tau\Vert_{\mathcal{H}}^{2}\leq 2\sqrt{C}|\int_{0}^{\pm\infty}\Vert h(t)\Vert_{\mathcal{H}_{1}}^{2}dt|$ , (30)
$| \int_{0}^{\pm\infty}\Vert Ae^{-it\Lambda}f\Vert_{\mathcal{H}_{1}}^{2}dt|\leq 2\sqrt{C}\Vert f\Vert_{\mathcal{H}}^{2}$. (31)
$[$ $]$ (29) $h(t)\in C_{0}^{\infty}(R;\mathcal{D}(A^{*}))$ .
$v(t)= \int_{0}^{t}e^{-i(t-\tau)\Lambda}A^{*}h(\tau)d\tau$
, Laplace
$\tilde{v}(z)=\pm\int_{0}^{\pm\infty}e^{izt}v(t)dt$ , $\pm{\rm Im} z>0$ .
. $\tilde{v}(z)=-i\mathcal{R}(z)A^{*}\tilde{h}(z)$ , Plancherel resolvent
(28) , $g(t)\in C_{0}^{\infty}(R;\mathcal{D}(A^{*}))$
$| \int_{0}^{\pm\infty}e^{\mp 2\epsilon t}(Av(t), g(t))_{\mathcal{H}_{1}}dt|=|(2\pi)^{-1}\int_{-\infty}^{\infty}(A\tilde{v}(\lambda\pm i\epsilon),\tilde{g}(\lambda\pm i\epsilon))_{\mathcal{H}_{1}}d\lambda|$
$\leq(2\pi)^{-1}\int_{-\infty}^{\infty}\Vert A\mathcal{R}(\lambda\pm i\epsilon)A^{*}\tilde{h}(\lambda\pm i\epsilon)\Vert_{\mathcal{H}_{1}}\Vert\tilde{g}(\lambda\pm i\epsilon)\Vert_{\mathcal{H}_{1}}d\lambda$
$\leq|C\int_{0}^{\pm\infty}e^{\mp 2\epsilon t}\Vert h(t)\Vert_{\mathcal{H}_{1}}^{2}dt\int_{0}^{\pm\infty}e^{\mp 2\epsilon t}\Vert g(t)\Vert_{\mathcal{H}_{1}}^{2}dt|^{1’ 2}$
. $\epsilonarrow 0$ (29) .
, Fubini
$\Vert\int_{0}^{t}e^{i\tau\Lambda}A^{*}h(\tau)d\tau\Vert_{\mathcal{H}_{1}}^{2}=\int_{0}^{t}(\int_{0}^{s}Ae^{-i(s-\tau)\Lambda}A^{*}h(\tau)d\tau,$ $h(s))_{\mathcal{H}_{1}}ds$
$+ \int_{0}^{t}(h(\tau),$ $\int_{0}^{\tau}Ae^{-i(\tau-s)L}A^{*}h(s)ds)_{\mathcal{H}_{1}}d\tau$ .
(29) (30) .
(31) (30) .
[ 5(i) ] A $=L,$ $\mathcal{H}=\mathcal{H}_{1}=L^{2},$ $A=r^{-1}$ ( )
. $A^{*}=A$ $\mathcal{R}(z)=R(z)$ , $z=\kappa^{2}$ 4(i)
$\Vert AR(z)A^{*}f\Vert=\Vert r^{-1}R(z)A^{*}f\Vert\leq\sqrt{C_{1}}\Vert rA^{*}f\Vert=\sqrt{C_{1}}\Vert f\Vert$ .
, (29) (31) .
$| \int_{0}^{\pm\infty}\Vert r^{-1}\int_{0}^{t}e^{-i(t-\tau)L}h(\tau)d\tau\Vert^{2}dt|\leq C_{1}|\int_{0}^{\pm\infty}\Vert rh(t)\Vert^{2}dt|$,
28
$| \int_{0}^{\pm\infty}\Vert r^{-1}e^{-itL}f\Vert^{2}dt|\leq 2\sqrt{C_{1}}\Vert f\Vert^{2}$.
.
5 (ii) Klein-Gordon
$i\partial_{t}u=$ Au, $u(t)=\{w(t), \partial_{t}w(t)\}$ , $\Lambda=(\begin{array}{ll}0 i-i(L+m^{2}) 0\end{array})$
energy $\mathcal{H}=H_{b}^{1}\cross L^{2}$ . , $\mathcal{H}$ norm
$\Vert\{f_{1}, f_{2}\}\Vert_{\mathcal{H}}^{2}=\frac{1}{2}\int\{|\nabla_{b}f_{1}|^{2}+(c(x)+m^{2})|f_{1}|^{2}+|f_{2}|^{2}\}dx$.
. $c(x)$ , A
$\mathcal{D}(\Lambda)=\{f_{1}\in H_{b}^{1};\Delta_{b}f_{1}\in L^{2}\}\cross\{f_{2}\in H_{b}^{1}\cap L^{2}\}$
$\mathcal{H}$ , resolvent
$\mathcal{R}(z)=(L+m^{2}-z^{2})^{-1}(\begin{array}{ll}z i-i(L+m^{2}) z\end{array})$
. $A$ : $\mathcal{H}arrow \mathcal{H}_{1}=L^{2}$
$Af= \min\{\sqrt{\mu(r)}, r^{-1}\}\sqrt{L+m^{2}}f_{1}$ for $f=\{f_{1}, f_{2}\}\in \mathcal{H}$
, $A^{*}$
$A^{*}g= \{\sqrt{L+m^{2}}^{-1}\min\{\sqrt{\mu(r)}, r^{-1}\}g,$ $0\}$ for $g\in L^{2}$
.
[ 5(ii) ] $g\in \mathcal{D}(A^{*})$
$A \mathcal{R}(z)A^{*}g=\min\{\sqrt{\mu(r)}, r^{-1}\}z(L+m^{2}-z^{2})^{-1}\min\{\sqrt{\mu(r)}, r^{-1}\}g$. (32)




$\Vert A\mathcal{R}(z)A^{*}g\Vert\leq\sqrt{m^{2}C_{1}+C_{2}}\Vert g\Vert$ .
. 2 (31)




, $g\in L^{2}$ $f=\{(L+m^{2})^{-1/2}g, 0\}$ $f=\{0, g\}$
$| \int_{0}^{\pm\infty}\Vert\min\{\sqrt{\mu(r)}, r^{-1}\}\cos(tVT+m^{2})g\Vert^{2}dy|\leq\sqrt{m^{2}C_{1}+C_{2}}\Vert g\Vert^{2}$,
$| \int_{0}^{\pm\infty}\Vert\min\{\sqrt{\mu(r)}, r^{-1}\}\sin(t\sqrt{L+m^{2}})g\Vert^{2}dy|\leq\sqrt{m^{2}C_{1}+C_{2}}\Vert g\Vert^{2}$
. ( .
[ 5 (iii) ] (25) 4 (ii)
$C_{2},$ $\max\{\mu^{-1}, r^{2}\}$ $20\Vert\mu\Vert_{L^{1}},$ $\mu^{-1}$ .
, .
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